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Abstract. An overview of isomorphic correspondences between spin algebra and algebras
of functions on the sphere is given. In addition, we show that in one case the induced
product between the spin function and another function is expressible by the action of a
first-order differential operator correcting the ordinary product. This deformation Jeads to
the geometric quantization of classical spin. The classical limit is studied for a class of
correspondences.

1. Introduction

Wigner functions or Husimi functions [1, 2] originally address to spinless particles or
systems of particles. The phase-space on which they are defined is an affine symplectic
manifold characterized by an Abelian transitivity group. To include spin, one possibility
is to work with matrices which depend on the canonical variables of motion. This
mixed procedure can be avoided because classical spin makes sense, its sphase-space
being a sphere [3]. Another homogeneous possiblity is to describe the quantum spin
states and observables by mean of functions on the sphere. The achievement is
complicated by the fact that the transitivity group of &" is the non-Abelian SO,.
Correspondences between spin operators and functions on %° have been discussed,
for instance, by Perelomov [4] and more recently by Virilly and Gracia-Bondia [5].
The problem of generalizing the Wigner function to discrete spin variables has been
considered long before. in particular, continuous extensions of the Moyal formalism
[6] have been introduced for spin variables by Stratonovich [7] and one can find in
[8] or [9] other attempts at continuous descriptions of spin. Other kinds of approaches
have been also considered (see for instance [10-12] and references therein). For
additional references and detailed notes on the literature concerning the subject of
descriptions of classical and quantum spins, we refer to the final section of {5] where
the authors review precisely the interconnections between several attempts to ‘quantize’
the sphere. The approach [5] is analogous to Wigner’s and the other one [4] to Husimi’s
based on coherent states. In this regard, we refer to the reprint volume [13] for more
information on the extensive work connected with spin coherent states,

In this paper we present an overview of the question. We define the most general
correspondences before selecting special ones owning convenient properties. Neither
of the two best candidates being perfect, we establish general relations between them.
Further, geometric quantization and classical limit are discussed in the framework of
the non-commutative associative algebras of function on ¥ induced by a class of
correspondences.
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The organization of the paper is as follows. In sections 2 and 3 we recall, respectively,
the structure of classical and quantum spin dynamics. For both of them we introduce
and compare the essential mathematical tools pointing out the fundamental differences
between the underlying algebras.

Section 4 constructs general correspondences between operators in spin Hilbert-
space and functions on the sphere, called symbols of these operators. It gives semi-
classical descriptions of quantum spin and general formulas for scalar and Maoyal
products between symbols. We restrict ourself to rotational invariant and real isomorph-
isms and we fix reasonable descriptions from a basic set of assumptions.

In section 5 we recall the well-known properties of the Wigner correspondence in
flat phase space and we ask to what extent is it possible to recover similar properties
in the spin case. This selects some correspondences (denoted by R, ¢ and P) which
are specially convenient and which have complementary properties. In particular, we
point out that a useful semi-classical description of spin is the approach via spin
coherent states, given by Q, for which the Moyal product admits a simple differential
realization.

The rather technical section 6 gives the basic relations and interconnections between
the semi-classical descriptions issued from section 5.

The main results of this paper concerning the differential form of the spin operator
is developed in section 7 and in an appendix. In analogy with the Wigner correspon-
dence, we prove that the Moyal product issued from the Q and P representations
admits a realization by a first order differential operator I acting on symbols of
observables. Furthermore, we also point out that the quantization of the value of the
spin follows directly from the requirement that I must be Hermitian for a particular
scalar product. Section 7 ends with some comments concerning a proper physical
classical limit of spin systems and in section 8 this limit is treated explicitly for a class
of correspondences.

Finally, to conclude in section 9, we briefly apply the formalism of section 7 to the
spin-boson model (see for instance [14] and references therein}. The use of a phase-
space formulation of spin allows an elegant approach and gives the evolution law of
the system in a condensed form.

2. Structure of classical spin dynamics

Classical spin states are described by vectors SR of fixed length §=vZ, (S,)°. The
state space % is homeomorphic to a sphere of radius S. The area 2-form w, of
the sphere defines a symplectic structure in it, and promotes € to a phase space.
The Poisson bracket {f, g}, of two functions on the sphere is defined by

df adg={f, g}.w;. (2.1)

In canonical coordinates (p, g) such that p=5; and S,+ 5, =v 8 —p” ', the 2-form
reads o, =dq adp, and {f, g}, =4,f9,8 — 8,f9,8 The coordinates (p, ¢) do not form a
chart covering the whole sphere. In many respects it is better to work with the
coordinates S;, which are true functions on %*, and a constraint. From (2.1) it follows
directly, or via the coordinates { p, q), that:

{8:, Sihe = €St (2.2)
{fig),=8V.faVg (2.3)
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where f and g are arbitrary differentiable functions of § Given a Hamilton function
H(S), the dynamical equations read

f={f H, (2.4)
and in particular
§={S H},=-SrV.H (2.5)

Observables belong to the real subset of the vector space of continuous complex
functions of the sphere. It is a Hitbert-space for the scalar product (f, g)={ w,f*g, an
algebra & for the ordinary product, and a Lie algebra & for the Poisson bracket.
Obviously, the structures of %, & and % are independent of the length § of the spin.
It is algebraically convenient to work with universal objects by introducing normatized
state vectors

tn |ty

€ unit sphere #° (2.6)

A=

and by rescaling , in order to have
{n;, nj} = Eppcly. (2.7)

New and old brackets are related by {,} = 5{,},. Observables are now functions f{S, #)
on &%, depending on a constant parameter S which can be absorbed in coupling
constants in H. 1t is convenient to define the scalar product of # as

U= | s 28)
wJ

for which the functions N, (A)=+v4n Y,,.(6, ¢) are normalized to unity. The infinite
set {Ny,,, —I=m=11eZ,}is an orthonormal basis of & with properties

(Nlms Nl"m’) = 6?1’6mm’ (2.9)
NI =(-1)"Np_n (2.10)
Nlm(R(u)ﬁ)=E Nlm('ﬁ)D(nIt]'m(u) (211)

where R(u)e SO, represents u € SU, in R?, and D'V a standard D-matrix [15]. The
cartesian components of the spin vector are in this basis

1
73
S, +i8; = 8(n, +iny) = —SVIN,, (7). (2.12)

S3=Sn3=s Nlo(ﬁ)

With the help of the Clebsch-Gordan coefficients, the product law of the basis elements
of o reads

Niwl AYNpm ()= T pa( WYy Nk ) (2.13}
"m*

v (RIFD2I+T)
pail ") = \/T Cooo (2.14)

where
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and the Lie product (normed as in {2.7)):

{Nims Nemd = T 0P P)YC e Ny (2.15)
"m”
where
- _i /(21+1)(21’+1)
Uc](lll )—2 2ln+l
VAT T+ T+ DAY+ T —1+1+1) C'iL. (2.16)

The action of the isotropy group SO, of &* mentioned in (2.11) splits the vector space
A into invariant subspaces &, of dimension 2/ + 1, span by the functions N, —Ism=<]]
#A is the direct sum

.ﬂ=@)&4{. (2.17)

Its linear and algebraic structures are independent of the value § of the spin, in
contradistinction to the quantum case.

3. Structure of quantum spin dynamics

Quantum spin states are usually described by vectors of a Hilbert space , of finite
dimension 2s+1€Z, . The basic spin operators S = #§ have the properties

[sk; sl] = iEkImsm (3.1)
F=s(s+11,. (3.2)

Observables belong to the Hermitian subspace of the vector space of polynomials in
sx. This is a Hilbert space for the scalar product

(F,G)=

2s+1Tr F*G (3.3)

an algebra @, of dimension (2s+1)* for the product of operators, and a Lie-algebra
&, for the commutator Lie praduct. Independently of the form of the Hamiltonian
H(8), the solution of the dynamical equations

F=%[F, H] (3.4)

belong to 4, for any initial condition F, € &,. The orbits s,(¢), for example, belong to
non-isomorphic spaces a, for different values of s, in opposition to the classical case.

An orthonormal basis of @, is formed starting from eigenvectors |s, u) of §* and s,
by defining the set

K.tm = m z (_l)s-nc:"x_#;‘ls’ M’)(sv ﬂ\- (3.5)

pp'=—3
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The operators K,, are the counterpart of the functions N,,. They have properties
similar to {2.9)-(2.11);

1

(Kl‘m': Klm) izs +1 Tr K?:m‘Kim = 6.!l"amm’ (3-6)
Kim=(-1)"K_, (3.7)
U(u) K, U(u) =Y K, D0, (0) (3.8)

where U(u) represents u € SU, in spin-space span by {|s, u}}. The irreducible basis sets
{Kin, == m=1I} are polynomials of degree ! in spin operators s,. In particular, for
I=0and 1:

1
1,= Koo s3=\/s(s3 ) k. s is,=F @Kli,. (3.9)

The multiplication table of &, to be compared with (2.13) is

KinKioe= T p(H1's)C oK (3.10)
"m”

where p is essentially a Racah 6j-coefficient [16]:

p(ll’l"s)=(—1)2"+"'\/(25+1)(2I+1)(21’+1){; 5 I;} (3.11)

For future comparison purposes with (2.15), the Lie-algebra composition law of basis
elements is conveniently written as

i -
[Kimy Krm] = 5GED ,"Z ) a{H'1'5)C e Ko (3.12)
with
a(IlFs) = —ivs(s+ 1) [1 = (=1 p(l'rs). (3.13)

The analogous tables (3.10)-(3.12) and (2.13)-(2.15) differ on three essential points:
(3.10) is finite, the coefficients p are non-vanishing for odd values of I+I'+ 1" (non-
commutativity}, and (3.12} is a consequence of (3.10).

The law (3.8) is similar to (2.11). It defines a splitting of &, into invariant subspaces
a_.,-J:

25
a,=d a,, dim a,,=21+1. . (3.14)
i=1

For I=1, in Hermitian components, (3.8) reads

U(u)s U(u)" =% siRy(u) R{u}eSO,, ueSU,. (3.15)
]

It makes sense to speak of a spin rotation group SU,, common to & and a,, which
decomposes these algebras into isomorphic subspaces &, ~ a,,, {=<2s.



1520 J-P Amiet and M B Cibils
4. General semi-classical descriptions of quantum spin

A semi-classical description of a quantum system is defined by a faithful representation
of the operator algebra of observables in an algebra of functions on the phase-space
of the classical corresponding system. We illustrate a general method of construction
by taking up the spin case.

Consider the trivial bundle & =(a,, ¥°) whose base is the phase-space %° and
fibre the operator algebra 8,. A complete section of & is an operator field U: ¥ 37 -
Q(#A)ea,, continuous, and such that

Tr AU(i) =0, Vie S’ =A=0 (4.1)
for all Ae a,. Then, the set o, of continuous functions on & defined by
a(#i)="Tr AU(A) Aea, (4.2)
is a vector subspace of the classical algebra . Condition (4.1) ensures that the map
@; a,- o, (4.3)
defined by (4.2) is a linear isomorphism. The inverse isomorphism is given by
a-Bt1 [dzn alA) "U(A) (4.4)
47 ) D R

where "¥ is the reciprocal section of %. It solves the equation
1
T i) "U(RY=——O{(A', 7 4.5
P AU(R) U = 5 B, A) (4.5)

the kernel © representing the projector of & onto &.:

a(#) if ae o,
0 if ae of — ..

L j d’n’' O3, ANa(A) = {

an (4.6)

The scalar and operator products of a; are transported into &, in a natural way by
deciding that & is also an isomorphism between normed algebras. The scalar product
of the images a and b of A, respectively B, via (4.2) is given by

TrA*"B=
25+1 (47)*

The kernel 7 is obtained using (4.4) and (4.5):

(a, b)y=(A, B)= J.dzn d*n’ 7(A', AYa*(A')b(i). (4.7)

(A, /)= (2s + 1) Tr U (A"Y "U(A). (4.8}
Similarly, the product acb of a and b reads
A - 2S+1 : 2.0 42w b 1] = >
{(achb)i)=Tr ABU(F) = 3 d*n' d*n" N(A, 7', 7" a(A"}b(A") (4.9)
o
where
N, /', A" =Tr U{R) "UAY UA"). (4.10)

The definitions (4.7} and (4.9) manifestly depend on the choice of %. To avoid confusion
we shall sometimes add a subscript to the symbols (,) and ».
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The set of all sections U which satisfy the minimal condition (4.1) is unnecessarily
large. It is usually expected that the semi-classical image a(#A) of an observable A
looks like the corresponding classical one. In other words, the similarity of the
multiplication laws (2.13) and (3.10) may be exploited by defining a semi-classical
image k. (#A} of K, proportional to N,,{f):

P: Kin = ki (1) = X; N, (7). (4.11)

This result, with x, independent of m, is realized by all sections 4/ which are ‘covariant

under SU,; namely:
UG)UA) U () = U(R(u)"A) ucSU,. {4.12}

Invariant subspaces &, (see (3.14)) of &, are mapped onto invariant subspaces &,
(see (2.17)) of o, and &, becomes an invariant subspace of «f:

LR as'[‘>&£g
2s
a,, =@ s, (4.13)
=1

Besides the rotational invariance, one naturally requires that & maps hermitian
operators into real functions, in other words that

U(A)" = U(A). (4.14)
Then, for arbitrary operators,
Tr U(A)A" = (Tr U(A)A)* = a(d)* (4.15)

and, with the property of the trace under cyclic permutations,
(aoh)*=b*oqa*, (4.16)
Complete fields satisfying (4.12) and (4.14) admit the expansion

" 1 = .
UG =57 3 L) (4.17)

where all x, are arbitrary real, non-vanishing coefficients, and

i
M(Ay= ¥ NE{AK, i=0,...,2s (4.18)

m=—1
The fields IT,(A) satisfy (4.12}-(4.14) by virtue of (2.10)-(2.11) and (3.7)-(3.8), and

constitute a redundant continuous basis of a,. Taking (2.9) and (3.6) into account,
one easily finds that

Tr IL ()T (A") = 8,25 + 121+ 1) P,/ 7') (4.19)
Tr Kip L1 (77} = (25 + 1) Ny (/1) (4.20)
ﬁ [dln N, (AR = K. (4.21)

The kernel of the projector onto the subspace &, defined in (4.13) is

2s f
O, i)=Y ¥ NEL(FA)N,(A)=¥ 2I+1)P(f 7). (4.22)
1

=0 m==!
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For this kernel, the reciprocal field "®(#A) solving (4.5) is easily found using (4.19):

(i) = T x7 TI(A). (4.23)

25+15
The image a(A) of an operator A bears various names, such as Wigner function,
Husimi function, depending on the choice of %. Many authors speak of the symbol
a(r) of A. We shall adopt this generic name, and use the denomination X-symbol
when necessary to specify that a(s) refers to a given field X. The product aeb (see
(4.9)) is usually called ‘Moyal product’ [6] when the phase-space is R*". We shall keep
this name and distinguish different products by an index referring to the X -field: a ob,

From (4.17) and (4.20) one computes the symbols of the basis operators of Q,:
ki (7)) = Tr U(A) K,y = x, Ny (7). (4.24)

Tr U(AYL, = X Noo(7) = x4 (4.25)
R s{s+1)
Tr %(n)s,=x1\/T Nio(f) = x/s(s+1)n; {4.26)
Tr U(A) (s, +isy) = —x, \/25'(_53+1_) N, (A =x,vs(s+1)(n,tiny) (4.27)
Sy =Tr YA =xVs{s +1)A {4.28)

Equation (4.25) suggests to put xy=1; the symbol of the identity I, becomes the
constant function 1. A good coefficient x, is closed to 1 and depends on s in order to

have 5(7i)~ si for large spin. To decide of higher moments x;, one invokes general

?f(}peﬂle“ of % which may r reveal r-r\n\mnlpnl‘ ag discussed in the next QP(‘Tlnn there

exists no ideal choice which offers all facmt:es. But for the time being it is p0351ble to
decide of the sign of the x;’s on the basis of a simple argument. Following the general
convention which associates a spin up (down) state |s, s} (|5, --s)) to the spin up (down)
direction A = &= (0,0, 1) (—&), itis logical to expect that the sign of the symbols k(£ €)
be the same as that of the eigenvalues (s, 5|Ky|s, =s). From (3.5) and (4.24) one has

(s, =5|Kyls, £5) = (£1)'VZs +1C 2.0 {4.25)
kio(£8) = (£1)V2T+ 1x, (4.30)

where €%} is a Clebsch-Gordan coefficient positive for ali I The signs coincide for
positive x;. We adopt this choice in the remaining part of this paper and shall reserve
the letter X for the corresponding fields:

X(i)= Z xI1,(ri) Xo=1,%>0,1=<I=<2s (4.31)
25+1 =0
By integrating X one gets the identity
25+
st J. d*n X (7) =1,. (4.32)

Hence, the integral of the Moyal product @b (see (4.9)) coincides with the scalar
product (4.7):

{a, b)x=ijd2n(a*5b)(ﬁ). (4.33)
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5. Selection of convenient semi-classical descriptions

The famous Wigner correspondence in flat phase-space is characterized by four proper-
ties: (i) invariance under the transitivity group of the space, (ii) locality of the scalar
product, (iii) self-reciprocity of the field %(q, p), (iv) expression of the Moyal product
via differential operators [17]. The Husimi correspondence [2] has property (iv) and
property (i) with restricted invariance only [17]. But (g, p) is a field of projectors
onto coherent states and the symbols of state operators are positive analytical functions.

In the present spin case, invariance property (i) is realized for the X-fields (4.31).
In order to have the locality (ii), the kernel (4.8) which reads here

2s
(A, A =QRs+ 1) Tr " X(#) "X(A) = ¥ x7*(2Q1+1)P(A'- A) (5.1)
i=1
must be equal to the kernel projector (4.22)
2s
@(a',d)y=3Y (2I+1)P(A"A). (5.2)
t=1

The only possibility compatible with (4.31) is x; = 1 V1. Denoting by R(#A} the associated
field,

LS me (5.3)

R(ﬂ) =2S+ 1 =1

one immediately sees from (4.23) that R is also self-reciprocal:
‘R=R. (5.4)

The analogy with Wigner’s field ends here.
A field (4.31) is a projector field if

X(AY =X(A) fie 2, (5.5)
This is achieved by setting
X (/) =)y (| (5.6)

where {|f#)|7i € #°} is a continuous set of unit vectors. Supposing its existence, (4.17)
and (4.19} yield

Tr X (A7) = 21+ 1)x; = (AT, (7)|A). (57

The right-hand side is an invariant since x, is constant. Conversely, x, is fixed by giving
one particular state vector. According to the discussion at the end of section 4, it is
natural to identify the spin-up state |s, s} with the state |&), é pointing upwards:

|é)=]s, s). (5.8)

This choice has the advantage that |s, s) is coherent and minimizes the uncertainties
As,As,. Perelomov [4] chooses the other possibility |€) =|s, —s). The introduction of
(5.8) into (5.7) leads to

1 - 2s+1 _ .
xf=m2(svs|Klmlsss)N?:n(e)=\/2’_'_1 32 56- (5.9)

m
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Denoting by Q the coherent projector field X and introducing the explicit value of
the Clebsh-Gordan coefficient one gets finally

Q)= |">("|=2—+—1 go (s, DI, {ii) (5.10)
where
_ (2s+ 1125} \/ 1—(k/2s+1)
s I)_\/(2s+1+l)!(2s—l)' J1 wwryryers 11

The field Q(si)} is well defined for any 7i € 7 but the coherent states |Ai) are up to an
arbitrary phase. Taking advantage of (4.12), one obtains an admissible field () by
applying to |€) the unitary representation of a rotation which transports & onto A With

i = (sin 6 ¢os ¢, sin 0 sin @, cos 0) (5.12)
the simplest rotation is (6, rit), with axis m laying perpendicular to €:
m = (—sin @, cos ¢, 0). (5.13)

Hence,

(-3 ; 2s \ AN A
Ay=e gy = ( )e‘“"‘"" (cos —) (sin —) 3
) g2 L V-, 2 2

The right-hand side equality is trivially obtained knowing that the exponential is a
standard matrix D®(~¢@, —6, ) [15]. The field |} is singular at —¢ because (m, /)
maps € onto —& for any . This is a consequence of the topology of &? which prevents
the existence of singularity free tangent fields on it. An additional phase factor can at
most move the singularity or create new ones. For instance, the coherent state field
used by Virilly and Gracia-Bondia [5] is ¢ ™"* times our |7} and it is singular at both
poles.

To complete the Q-description, one easily computes the reciprocal field of @ that
will be denoted by P

{5.14)

PUI) = Q) =55 T (s TR (515)

The symbols of the spin operator § are, according to (4.28) and the values x, =1 for
R, x,=v(s,1) for Q and x,=1/vy(s, 1) for P:
§,(A)=sA §(M)=(s+1)A S(My=+s(s+ 1) {5.16)

The major advantage of R(#A) is the self-reciprocity and the local scalar product. On
the other hand, @ misses these properties but has a precious one from the algebraic
point of view. The Moyal Q-product of the symbol $,(#) of § with any function admit
a differential form of degree 1. Indeed, we show in section 7 that

(3, 0 a) ()= TrsAQ(n)—[stinAv 1 (ﬁf\v,,)]a(ﬁ) (5.17)

and, moreover, that only P and the time reversed Q7, P" obtained with [7)=|s, —s)
have a similar property.
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6. Relations between the descriptions based on the fields R, Q and P

The semi-classical descriptions of spin defined by R, Q or P have complementary
properties. The R-symbols may be compared to Wigner functions, and the Q-symbols
to Husimi’s coherent ones. It is often advantageous to commute from one description
to another one. This gives an overview of the necessary interconnections. The moments
x; of the field

X(n) 2 xIL(A) (6.1}

2+1

will be called r, g,, p; respectively, when X = R, Q or P. Then, from (5.3}, {5.10) and
(5.15):

n=1 q=v(s1) p=v(sD7" (6.2)
The symbot of Aca,
a (fd)=Tr X(A)A (6.3)
bears a subscript x, which runs over the set r, g, p accordingly. The inverse relation
A~25+1Jd2n a,(7) "X (#) (6.4)
47

is an expansion of A in terms of an X -field again, since
"'R=R Q=P ‘P=qQ. (6.5)

One notices that the P-symbol a, appears in the @ expansion and reciprocally, whereas
a, stays in the R expansion itself.

All relations between descriptions may be expressed in terms of traces of products
of fields,

1
Wilx, x', A, A =Tr X {(A)X'(A )——--~-—1 Z xx (21 + 1) P(d- i) (6.6)
=1

in direct consequence of (4.19) and (6.1). For triplets one introduces the set of invariant
functions

-

xur( A, /', A7)
=Tr I, (7). ( AT (A"
=p(II'1s)(2s+1) T Chil ol =1 Nig(A)INpp A7) Ny 787 (6.7

o
where p is defined in (3.11). The properties of the trace and M7 =II; imply immediately:
Xur( Ry ', A" = xpee (A, 77, )* = X (A, A7, ). (6.8)
From (6.1) and (6.7) it follows
Wilx, x, x", i, /', A") =Tr X (7)X'(A") X"(A")

=Gy B G ' ). (69)
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The functions W, relate the various symbols and fields:

o 251 . .
a(f)= ;ﬂ Idzn'Wz(x,‘x,n, fi')a.(A") (6.10)
25+1
X(n)= iﬂ_ szn' Wy(x, ', i, i) X' (/") (6.11)

where “x’ in W, indicates to substitute "x; = 1/x; for x; in (6.6). These functions appear
in the scalar product (4.7):

_ 25+1
4wy

(s, by)x J d’n d®n’ W('x, "x, ', RYa¥(A)b.(#"). (6.12)

The functions W, give the kernel of the Moyal product (4.9):

(a2 b)) = (22“
a

2
) J'dzn’ d&*n" N (A, i, i) a (d)b (7" {6.13)

with

1 Xy
Ne(A, A 7N = Wilx,'x, "%, A3, /', i =———= T —— xurlA, A", A"). 6.14
xl ) fl ) (2s+1)3 % xpx,nX"'( ) ( )
The unpalatable functions y and W, are difficult to deal with in formal calculations,
but are easily programmable with a symbolic calculation software because Clebsch-
Gordan and Racah coefficients are square roots of rational numbers that may remain
unevaluated. Two particular functions are very transparent, namely W,(q, g, i, i) and

Wilq, g, g, 7, ii’, i"). They belong to the generic set
gul(fiy, ..., ) =Tr Q(a,) ... Q(fi) = (A, | i) (fy| iz . .. (A, (6.15)

The factors {#'|Ai) are simple functions of #, /' and of &, the north pole of #°. Making
use of {5.14) and summing up a binomial expansion, one easily sees that

<ﬁ'|ﬁ>=[

The functions g, and their factors can be expressed in terms of the basic invariant
function

14+é-A+é&a+aa+ig-aamn]
{ ) ] (6.16)

A1+ A1+ é-A)

-

g(A,, iy, A3) =31+ A, - Ay + Ay Ay + Ay A HiA - Ay A Ay) (6.17)
and of its contraction

gol Ay - i) = g(ity, Az, Aiz) =31+ A, - Fiy). (6.18}
The amplitude of g is given by the product

|3(ﬁi ) Ay, ﬁ3s)|2 = gol Ay, A2) golH, - 7i3)go( - y) (6.19)

whereas its phase is just one half the area A(#,, fi,, fi;) of the geodesic triangle on ¥?
with vertices located at #A;:

g(nls n;, "3) (6-20)

1
A(A,, Hy, A3)=~1o — .
(nl ? 3) i g g(nis na, n3)*
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This beautiful property originates from geometrical properties of SU, [4]. Altogether:

('|fiy = go('- f1)° e!*AEA) (6.21)
s(Aiy, fis, fiz) = go(Ay+ Ay)’go( Ay A3) gol iy /iy)" @A)
=gy, iy, fiz)** (6.22)
and
gi(fr, ..., A)= E, gol /- 7i;)* @A) (6.23)
A(Ry, ..., A )= A(8 Ay, i)+ A(E Ay, Ay)+. ..+ A(E, fiy, fiy). {6.24)

To be noticed, the origin € is present in (6.21) but disappears in the sum (6.24) because
the polygon is closed and each sub-area is taken with its sign: A(#A,, A, #;) >0 for
right oriented triangles and <0 for left oriented ones.

In application, we have:

. o [1HAAN
Wag, g, A, i) = g;(i- i) ={ — (6.25)
and
Wilq. g, 9, A, /', A") = q;(A, 7', R")
_[1+n A+ i A"+ A" R+iA '”:|2’
- 4
=V (- AN g (A A7) g (A7 - ) e, (6.26)
In addition to these two functions, the only simple ones are the trivial:
WZ(qs P, ﬁ’ ﬁ’) = WZ(p! Q, ﬁ, ﬁ’) = W2(r’ t ﬁ: ﬁ ) —E_@( A .") (6‘27)
The function W,(p, p, A, A"} is the inverse kernel of (6.25):
2s+1 . . vy o 1 fa
I d’n” Walp, p, i, i) Wy(q, g, A", i') = (s, A'). (6.28)
™ 25+1

With the help of (6.11), it is possible to express all W; functions as an integral over
a W, and the W; (6.26), avoiding the sum (6.14). For instance:

Wilq, p,p. 7, A", A")

25+ 132 . e .
=( 4 ) J'dznl dz"Z W3(q=qs 4. n, nl:"Z)WZ(Psps n]s”)

x Wa(p, p, iz, 7"). (6.29}

Using (6.28) and (6.29) together with (6.10) and (6.22), the @ scalar- and Moyal-
products (6.12)-(6.13) take the more transparent form

(g be)a = jd”n a}(i)b, (i) (630)

- 2s+1 r " 4y 928 - p 1y
(angq)(n)=( 4 ) J‘dzn d’n [g(","," )]2 ap(n )bp(n )! (631)

where the indices p on the right-hand side should be noticed.
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7. Differential form of the spin operator
The symbaols 5,(7) of the cartesian components s, of the spin operator induce linear
maps of &, by
5 g 5oged, ge .. (7.1)

We drop the subscript x for a while; the underlying field % is understood to be of
type (4.17) with x,=1.
The linear operators si° defined by (7.1) fulfil

[Sk‘-", sto] = iE'ki'mSmQ (72)
Y sos=s(s+1) (7.3)
K

and
(Fof)(RA) = R(5o£)(A) Re SO, (7.4)

since ¥ is covariant.
In the Wigner correspondence for flat phase-space R*”, the basic operators g, and
pre admit a realization by first order differential operators [17], namely:

h o
e=g —=T — 7.5
Gi® = Gk 2i apy (7.5)
h 4
o=p, +— —. 7.6
Pr° = Pr 2i 3qx (7.6)

In analogy, we look for a differential operator of first order I(#) such that

(3/)(F) = F(A)f () fed,. (7.7)
Per definition, the components of I must fulfil (7.2)-(7.3):

L (i), Li(7)] = iggm () (7.8)

I(A)Y=s(s+1) (7.9)

and the right hand side of (7.7) must transform as a vector under rotations. The most
general vector operator of degree 1 in derivatives on the sphere is

Hiy=ai—iBAAV, +yAr(AAV,). (7.10)

Introducing the notations

E(ﬁ)=%r‘mf’7,, (7.11)

B(A)=1if A L(A) (7.12)
and computing the left-hand sides of (7.8)-(7.9) one gets:

[ 1k, IJ]=i5k:m[233"m+2ﬁ73m+(52+ Tz)Lm] (7.13)

P=ala-2y)@+(B* -y [ (7.14)

Equations (7.8) and (7.9) are satisfied by four sets of values:
B=3 (@, y)=(s,—}) (s+1,3) (=5,3) (=(s+1),-3). (7.15)
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Hence, there are four and only four fields leading to a first degree operator I. To guess
what they are one replaces in (7.7) f by 1 and § by §.(A)=x,vVs(s+1) A (see (4.28)):

(Fo N AY=x,Vs(s+1) i = [ (7)1 = adi. (7.16)

The coefficient x, has the four possible values:

= s s+1 _ s _ s+1 (7.17)
VW41 V & Vs+1 V s )

The first value is the moment g, = y(s, 1) of Q(#), the second is p, = y(s, 1) ' of P(#).
The last ones are negative. They belong to the time reversed fields @7, respectively
P7, constructed from the coherent state |87 )=|s, —s)=Ts, 5). To identify higher
moments x; one could replace f in (7.7) by monomes in n,. We give in an appendix
a direct proof that the candidates @ and P are the good ones. That is

I=sit+;L-1B =3 (7.18)

and
I=(s+DA+3L+iB=35,0. (7.19)

We purposely used a cross to distinguish the two selected solutions because I is the
Hermitian conjugate of I for the ordinary scalar product (2.8):

(£ 1) =(I"f8). (7.20)
On the other hand, T is Hermitian for the Q-scalar product

(I, 8)s = (£ I), (7.21)
and I~ for the P-scalar product

(I"f,8),= (£ T 8)y. (7.22)
These properties are automatic if (7.18) and (7.19) hold, because for any X -field

(f5eg)x=(52f &) (7.23)

by virtue of (4.16) and (4.33).
The operation
- . e 1, (1. T .
(Ao fY(A) =~ I{A)f(A) = nf(n)+£n A(;Vn"n AV,.)f(n) (7.24)
is a deformation of the ordinary product. The rescaled commutator gives exactly the
Poisson bracket

S(is f=foi) = =R T =i 1), (1.25)

but a deformation occurs for higher powers of n,. The deformaticn (7.24) is the basis
for the geometrical quantization [10] of the classical spin. In opposition to the quantiz-
ation in flat phase-space R*", which is unique up to a scale factor A%, the quantization
in &° has an infinite number of non-equivalent solutions, one for each value 25e Z, .
The fact that 25 must be an integer does not appear above, since the operators ] and
I* given in (7.18), respectively (7.19), satisfy (7.13)-(7.14) for any value of s C. The
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guantization of s follows from the requirement that T should be Hermitian. If 25 ¢ Z,,
o, is a stable domain of the I.’s and these operators are Hermitian for the scalar
product (,), (see (7.21)). But if 25 Z., repeated actions of I,’s leads outside «, and
generate the whole space &. This is evident from the formula
In¥nin? -1 [(25 —k—1—m)n, +£+ilﬂ—im-n—2:| n¥niny.
2 ny n; !

The degree of the monomial grows endlessly because 2s — k— ! —m never vanishes if
25 #integer. The domain of I and also of I, is & and I # I'* for the usual scalar
product of & This product is given by the invariant measure on %* and is unique. In
conclusion, [ can only be Hermitian for 2se Z,.

For a given quantum Hamiltonian, the spin behaviour will still depend on the value
of s because the algebra a, and a,. are non-isomorphic if s # s'. The dimension of &,
increases with s and the dynamics approaches that of classical spin as we shall see.
To perform a proper physical classical limit one must reintroduce spin observables
having the dimension of an action, namely the spin operator

S=ns (7.26)
The Q-symbol reads (dropping the subscript g)
S(A)=Tr Q(#A)S = hsii = SA (7.27)

and the corresponding operators in &

. e 2 h . 2 1 . 2 =

Se=hl=8+—SAV,——SA(SAV,). (7.28)

21 2s
&, is now the vector space of polynomials in S, of degree <2s, and V, the gradient
with respect to the variables §;. The Moyal product of two spin variables becomes
1 - ih :

Sk ° S; = SkSJ '+'£ (3,‘;3 - SkSl) +? EklmSm (7.29)

and the rescaled commutator

1
E (Sko 81— 810 8:) = exmSm =15k, Sl (7.30)

where {,}, is the original Poisson bracket (2.2). A classical limit makes sense if the
volume of the phase-space is kept constant. In R*” the volume is infinite and the limit
is obtained when # - 0. Here, the volume is a function of |§|. Therefore, the classical
limit implies:

-0 500 S=4s constant, (7.31)
Taking this limit in (7.29) yields

S8, = 8.5 (7.32)
and for arbitrary observables (see section 8):

(fo8)(8)~>f($)a(S) fi>0 §>00 (7.33)

= (o8 —goN)(8) > 1 gh(3), (134)
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8. Algebraic limit for large spins

From the pure mathematical point of view, the interest of the linear map (4.13) is that
it generates finite, non-commutative algebras of functions on the sphere &°. Expressed
in terms of the basis elements k,,(7)=Tr K, %(#), the multiplication table is a
universal copy of (3.10):

ke kpw =Y p(II"$)YC L ey (8.1)
"m"
The Lie-algebra composition law is itself a copy of (3.12):

1 s o tror
_\/s(s—+1r§." a(l'"s)C oy oK« (3.2)
The basis sets {k;,,, 0= 1=<2s, —-I=m=1} depend on ¥ and span generally different
subsets of .o,

We shall focus our attention in this section on the maps defined by X -fields. They
map 4, linearly onto the same vector space o, (see (4.13)), and the X-dependence
lays in a single scale factor

fm =lem- (8-3)

kfmo k!’m' - kf'm'o klm

By choosing {N,,} as a universal basis of s, the laws (8.1) and (8.2) become
X-dependent laws in the same space &;:

Niw o New = ¥ p(I'1"'$) C st Nprr (8.4)
ey
i .
N © Ny = Ny © Ny = N ,2 O (H'TS)C e N (8.5)
with
X X X
Be I (8.6)

The integral form of (8.4) is given by the kernel &, (6.14).

The set &, with the product ¢ is an algebra of7. A meaningful comparison with
the classical algebra of for increasing values of s is possible if the factors x; depend
smoothly on s and remain finite when s-— 0. Then, the antisymmetric part of the
product {8.4) vanishes for finite s.

The classical product {2.13) and the symmetric part of (8.4} have both non-vanishing
components for even values of 1+1'+{" only. For the Lie-products {2.15), respectively
{8.15), this number must be odd. Thus, to compare & and «f we define the quotients

_px([112135)

(L LLs) =—"——F I even 8.7
K (sl palhill) Zv ( )
INNI
& (h hs) = Zeilebs) ¥ I odd. (8.8)
galli:h) i
These numbers are trivially obtained using (8.6) from the basic ones:
P 25 ’1 ’2 13}(11 Iz 13)“l
=—=|— +] .
== (DTS {s s sJ\o o o (8.9)
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§=£_4(_1)2s+1\/ S(S+l)(2s+])
Tl (Lt L+ L+ D)L+ L-K)(L+L=LY L+ L~ +1)
11 12 13}(11 —1 ’2 I3)ul
x{s 5 5 0o o o/ ° (8.10)

Introducing into (8.9)-(8.10) the expressions of the 3-j and 6-j coefficients [16] and
the expansion variable

1

e=a N (8.11)
one finds:
3 -1/2
"?Z‘P(E)[E[l KEI(S)KI,-(_E)] (8.12)
—1/2
£=V1-¢? dl(s)[:ﬂl K;I(E)K;((—E)} (8.13)
where

!
kle)=[] (1+ke). (8.14)
k=1

¢ and ¢ are even polynomials in ¢ (see end of section), with the property
e(0)=u(0)=1. (8.15)

Hence, 5 and ¢ are square roots of rational functions of £°. Their behaviour for large
spin, 2s+1» [, is

_ +constant ¢ 1+c0nstant (8.16)

T T s 1) (2s+1) :

Since r; =1, this means for the Moyal R-product that
1

%(Mlnq?M'zmz-‘- Nl:rm? M’,ml) = Mlmlemz_‘-O(m) (8-17)
and
Vs{s+1) 1
__i—_ (MlmliMzmz_ N12m2:N‘lml) = {Nh"h ’ N’zmz}+0((25+ 1)2)‘ (8'18)

In consequence, &, tends toward the classical algebra and Lie-algebra &f when the
spin s becomes infinite. The quantum correction behaving as (2s + 1)7*is a particularity
of the self-reciprocal field R. For the coherent Q one has, noticing that g(s)=

(i) ri{£)]'?,

4y ple)
=——-p= . 2.19
antn | (=2 )rg(—e)ry(e) (8.19)

Ny

74 is a rational function of &, but for large s

constant
oy > max(l;). 8.20
17y~ 1 Y s> max(l) ( )
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The commutator should be rescaled by a factor s instead of Vs(s+1) as in (8.18). The
pertinent quotient is v's/s+1 £, which is also a rational function of :

s (1—-&)die) constant
= ~1+ . 8.21
s+1 Z Ky, (—glie,(—£)k, (&) 25+1 (8.21)
For the Q-product g, equation (8.17) is unchanged except for a correction O(1/(2s + 1)),
and (8.18) reads

s 1
E{M,m,:NIzmz Nfzmz Nflml} {Nl'lmlaNfzmz} 0(2 +1) (8'22)

The different scaling factors of the commutators are natural in the sense that for
l,=1L,=1=1 one has exactly

vs(s+1
—(l_)'(NlmoNlm Nlm’gNlm)

5
:;(Nlmlem’_Nlm';Nlm)={Nlm:Nlm'}- (8.23)

The proof of many statements made above is obtained by direct inspection of the form
of ¢ and ¢, that we give here for completeness. ¢ is defined for g = 3(}, + I, +1;) integer.
With the number A =min(g—1)=0 and «.{e) as in (8.14) one has

k(g ~-1)!
ilg—L+mig—L—-mY
 is defined for g'=3(l,+ L+ 1,+1) integer. With A"=min{g'— /)= 1, one has

. (=
2e

qv(s)"— Z ( 1)K gan(€)Kgon{— s)H (8.24)

[Kg’+n—l(_£)xg'—n(£) - Kg'+n—1(£)Kg'—n(_E)]

2 W(g'—4—-1)!
1;[ g —L—nl(g - L—1+n)V

(8.25)

9. Conclusion

One interesting aspect of the formalism developed in the preceding sections is that it
allows a phase-space approach to spin systems in order to consider a classical limit
in this context. Several applications to physical systems are expected and actually we
look for further developments which will be probably presented later on. In particular,
we are specially interested in the spin-boson model (see for instance [ 14] and references
therein) that we have studied in recent papers [18]. To conclude this work we apply
the present phase-space formalism to this model and we write down the equation of
motion of the system using the generalization of the Moyal framework to spin variables
presented above.
The spin-boson Hamiltonian is
2
=:-Z'-’;n-+§q2+ns3+,\slq (9.1)
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where g and p are usual position and momentum operators; S, the spin operators; m,
k, €1 and A are positive constants. Hamiltonian (9.1) describes an harmonic oscillator
which interacts with a spin S=hs through the coupling term AS,q. Letting W, the
density matrix describing the state of the system at time ¢; the evolution law is [17)]

1
w,=;-f;(how,—w,oh) (9.2)

where w, and h are, respectively, the symbols of the operators W, and H. The phase
space of the system being the tensor product R°® %7, we take these symbols and the
Moyal product o in (9.2) just defined from the product of the usual Wigner correspon-
dence (for the oscillator part) and the Q-correspondence (5.10) (for the spin part),
The differential realizations (7.5)-(7.6) and (7.18) for both Moyal products allows us
to compute (9.2) easily. One gets:

__Pw

- BW -+ -+ - -
== aq+kq—"ap!—ﬂ(SAVs}3w,—A(SAV,)lw,
ow, Ah - . - aw,
+AS, ——— —. .
AS, o 2S[Sf\(L‘s‘AVS)]l a (9.3)

The variables g, p and S, symbols of q, p and S,, are unaffected by the classical limit
#i - 0. At this limit the last term in (9.3) vanishes and the equation of motion becomes
exactly the classical one w, ={h, w,}.
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Appendix
We give here the proof of the expressions (7.18) and (7.19).
From (6.31), the Moyal product involving Q-symbols of spin operators is

25+1
4

2
(s'qzaq}(ﬁ):( ) (s+1) J'dzn'dzn” q;(A, /', d"YA'a, (A") (A1)

where we have explicitly written §,(7i') = (s + 1)#’ {see (5.16)). Using the first expression
(6.26) for g;(#, A, "), the integral over A’ in the right-hand side of (A1) can be
computed by a straightforward calculation, One gets

J d2n| 4'3(’7, ﬁ', ﬁ”)ﬁ’
_ 4ars (l+ﬁ-ﬁ")2’ﬁ+ﬁ”+iﬁ":\ﬁ
T (s+1)(2s+1) 2 1+ 7 /"

On the other hand, by applying the differential operator T(#) given in (7.18) on the
function g,(#, ") (see (6.25)), it is easy to see that the right-hand side of (A2) equals

(A2)

4 -

Grnas+n (Dl ).
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Then, inserting this result in (A1) one finds

. .. 25+1 s T T
(55 a,)(Ay=—— J’dzn"ap(n’)l(n)qz(n,n)- (A3)

With the help of (6.10}, one recognizes here the Q-symbol of the operator A and one
obtains the relation

(8,2 a,)(71) = I () ay(#)

which proves (7.18).
Now the proof of (7.19) is simple. It is enough to remark that in the right-hand
side of (A3) one has I{fi)g.(A, A") = [I(#i") q.(#A, A")]*. Then, property (7.20) yields

25+1

-

(852 a0)(7i) =

I &*n" [1(3")" a, (") 1qa A, A7) (A4)

and since, from (6.10), we have

2s+1
dar

one obtains (7.19) by inserting (A4) in (AS5) and using (6.28) and (4.6).

(5p0a,)(11) = J d*n’ Walp, p, A, )5, 2 a,)(A') (AS)
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